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—— Abstract

The correctness of type-checking implementations for proof assistants based on dependent type
theory relies on metatheoretical properties that ensure the decidability of typing, some of which
require substantial logical strength. Recent mechanizations of such algorithms have highlighted the
importance of separating the algorithmic components of the proof—often intricate but requiring
relatively low logical strength—from the logical components, which depend on stronger metathe-
oretical properties, such as normalization or the injectivity of type constructors. In this work, we
revisit the logical relations technique and show how it can be used to derive these metatheoretical
properties in a direct and uniform way for a core dependent type theory featuring Il-types, N, L
and a universe U. Our presentation yields a compact and conceptually simplified argument that
isolates the logically strong reasoning from the algorithmic core. We argue that this approach scales
smoothly to richer type theories, and demonstrate this by extending our construction to Exceptional
Type Theory (ExcTT), obtaining the first mechanized canonicity proof for this theory.
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1 Introduction

One of the central advantages of proof assistants based on intensional dependent type
theory—such as AGDA, LEAN, or the RocqQ Prover—is the existence of decidable type-
checking algorithms that mechanically certify the correctness of proofs. Ensuring the
correctness and completeness of these algorithms, however, relies on subtle invariants that
can easily be invalidated by seemingly benign optimizations or extensions of the theory.

This fragility has motivated substantial efforts toward certifying type checkers themselves,
most notably in the ROCQ ecosystem [45, 46] and in the on-going Leand4Lean [11] or AGDA-
core [32] initiatives. These projects focus primarily on the algorithmic core of type checking,
while assuming strong metatheoretical properties—such as normalization—that lie outside
the scope of the certified implementation.

Logical relations and related realizability techniques play a foundational role in establishing
these metatheoretical properties. Originating in Tait’s computability argument for the simply
typed lambda calculus [51], and extended through Girard’s reducibility candidates for
System F [20] and early work on Martin-Lof Type Theory (MLTT) [36], logical relations have
been the primary tool for proving normalization and canonicity of dependent type theories.

More recently, the proliferation of new dependent type theories has renewed interest in
these techniques, both theoretically and practically. Several large formalization efforts have
mechanized logical relations arguments in proof assistants, including LOGRELMLTT in
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Acpa [3], LocRELCOQ in Rocq [4], and McTT [25]. These developments typically rely on
multiple layers of logical relation constructions: either by parametrizing a single construction
over increasingly precise data, or by composing distinct relations to establish different aspects
of correctness. As a result, logical relations are used not only to justify strong metatheoretical
properties, but also to establish fine-grained, algorithmically meaningful invariants.

In parallel, high-level categorical and topos-theoretic frameworks have been proposed to
generalize logical relations arguments, including categorical Normalisation by Evaluation
(NbE) [5, 18, 14], synthetic Tait computability [49], and internal sconing [8]. While concep-
tually powerful, these approaches remain challenging to reconcile with concrete mechanized
developments, leaving a gap between abstract proofs and implementable techniques.

From an engineering perspective, the complexity of logical relations strongly suggests that
they should be deployed only where they are strictly necessary. Yet identifying the minimal
metatheoretical assumptions required for decidable type checking is itself nontrivial: many
properties are intertwined, and their precise dependencies are not always clear. Recent work
by Lennon-Bertrand [30] pushes in this direction by identifying three key properties sufficient
to establish decidability of conversion in dependent type theory: injectivity of normal forms,
deep normalization, and a characterization of neutral conversion. This line has been partially
pursued by Liu et al. [33], who work in an untyped setting and avoid the complexity of
full-fledged logical relations by assuming injectivity of II-types rather than deriving it.

Such assumptions, however, are far from innocuous. In particular, injectivity of normal
forms is inconsistent in extensional settings, illustrating that bypassing metatheoretical
proofs can compromise soundness when moving to less well-understood extensions of type
theory. Avoiding strong, unverified assumptions on the source theory is therefore essential to
maintain robust guarantees, especially in the presence of richer language features.

Taken together, these results suggest that a more disciplined and frugal use of logical
relations—targeted precisely at the properties required for decidable type checking—may
suffice to justify both decidability and the correctness of implemented type-checking al-
gorithms, while keeping the metatheoretical burden under control. In this work, we explain
how we successfully pursued these insights to bring pen-and-paper and mechanized proofs
significantly closer, simplifying existing mechanized arguments for these core properties.

Plan of the Paper

In Section 2, we present the considered type theory together with a formal definition of the
three key metatheoretical properties advocated for in [30]. In Section 3, we introduce the
core of the formalization: a mechanized logical relation establishing normalization in a single
pass for a core Martin-Lof style type theory with a universe, II-types, natural numbers N,
and the empty type. We extend the theory with exceptions in Section 4, showing that the
logical relation scales to this setting and yielding the first mechanized canonicity proof for
exceptional type theory. In Section 5, we position our construction within the landscape of
closely related techniques, both pen-and-paper and mechanized, clarifying the connections in
the literature. In Section 6, we conclude on future work.

Formalization

Our results have been mechanized in the Rocq Prover (version 9.0). Definitions and theorems
are referred to in the text using the Rocq icon ¥ which marks a clickable link that points to
an online version of the formalization.
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2 Context

We consider a core dependent type theory a la Martin-Lof. Its judgement forms consist of
well-formed contexts - T', types I' = A and terms I' - ¢ : A together with their corresponding
equational forms called conversions (I' H A = B, I' F t = uw : A). The type theory
features dependent products II(z : A)B introduced with A-abstraction and eliminated using
application, a type of natural numbers N with zero 0, successor S and a dependent eliminator
indy, an empty type L with eliminator ind; and a universe of small types U closed under
all other type formers. This set of type formers represents a core type theory containing
most salient features appearing in [30]. For conciseness, we only present here the inference
rules for LAM and APP and defer the full system to Section A or the formalization (WR).
Taking an algebraic presentation of syntax, abstraction and application are annotated with
the types of the domain and codomain.

LAam App
Nz:AFt:B 'k f:I(z: A)B 'a:A

PXx:At:II(z: A)B 't fQg.ayp a: Bla/x]

Well-formed renamings p : A > T' (JR) and substitutions A F ¢ : T' ($R) are defined
inductively with respect to the target context I'. Substitution conversion Ao =0¢":T is
defined similarly by pointwise conversions of terms.

RENCONS g N SuBSTCONS
p: A>T (y:Alp]) € A UBSTAIL AtFo:T AFt: Alo]

e:A>¢ (pyy/x): A>T, 2: A) AlFe:e AF (o,t/x): (T x: A)

RENNIL

Formalization: Technical Choices and Automation

In the formalization, the syntax of the type theory is represented using preterms together
with a single inductive predicate indexed by the judgement for derivations ($R). Variables
are handled using De Bruijn indices and all management of raw renamings and substitutions
is derived automatically using SULFUR [9], a recent ROCQ plugin implementing a variant of
AUTOSUBST [48].

2.1 Immediate Metatheory

A few basic properties are immediately provable on typing derivations, and we only state
these for well-formed terms even though they are proved mutually for all judgement forms.

» Lemma 1 (Basic properties of typing derivations).

Boundary W ifT'Ht: A then-T andTH A

Renaming W if THt: A, F A and p: A>T then A+ t{p) : A{p)

Substitution P if THt: A and Ao : T then AF t[o] : Alo]

Convertible Substitution ¥ if T +t: A and A+ o =o' :T then A tlo] = t[o’] : Alo]

By inspection on the typing judgements, inversion lemmas for well-formed types and
terms are easily derived, for instance:

» Lemma 2 (Typing inversions).
WRITHI(z: A)B thenT+ A and T,z : A+ B;
WIfTEfQuapa:CthenTk f:I(z:A)B, Tka:AandTFII(z: A)B=C.
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f~g n ~n’

fQuayga~ gQu.apa ind, (z.P)n ~ ind, (z.P)n/

/
n-~~n

indy (z.P) ho (z.i.hg) n ~ indy (z.P) ho (x.i.hs) n’

(Az: At) QB a ~  tla/z]
indy (z.P) ho (z.1.hs) O ~  ho
indy (z.P) ho (x.3.hs) (Sn) ~» hglindy (z.P) ho (x.i.hs) n/i,n/z]

Figure 1 Reduction relation on MLTT terms and types

By contrast, no such inversion lemma are readily available for conversion. In particular we
cannot yet prove the injectivity of Il types: without a precise characterization of conversion,
a derivation of I' - II(z : A)B = II(x : A’)B’ may involve arbitrary uses of transitivity.

Some types might be terms of the universe: we call those types small, while general types
are called large. To help factorize statements about types, we define Level := Small | Large.

Reduction

Efficient implementations of type checkers and conversion checkers typically rely on additional
structure in the underlying type theory to obtain fine-grained representations of conversion
equivalence classes, most often by enabling the computation of normal forms. Following [30],
we use an untyped reduction relation ~» on types and terms described in Figure 1. Reduction
is made deterministic by choosing a call-by-name evaluation strategy (leftmost-innermost).
An irreducible term for ~ is called a weak-head normal form (whnf), and can either present
an introduction form as its head (II,N, L, U, A\, 0,S) or be a neutral term (whne), which can
be characterized as a stack of elimination forms stuck on a variable. Additionally, we define
a partial function whnf that computes the whnf of a term using ROcQ-EQUATIONS [47] (WR).

Note that, in the absence of injectivity for the II-type constructor, we cannot yet establish
preservation of typing under reduction, a.k.a. subject reduction. We bypass this issue by
defining a relation for well-typed reduction, combining reduction and conversion.

» Definition 3 (Well-typed reductions $R). Define
['A~*B:=(hnf A= B)x (I A= B);
PHt~*u: A= (whnft=u) x (T'Ht=wu:A);

'FA~*B:U 4fl is Small

' A~*B =
'HA~*B if | is Large

The role of ' H; A ~* B is to give a statement adapted to both small and large types.

2.2 Metatheoretical Properties

Lennon-Bertrand argues in [30] that in order to completely certify a reduction-based conver-
sion checker, the three following properties characterizing normal forms and conversion are
enough. These properties are not immediately derivable from the presentation of the type
theory and the main goal of this paper is to establish these results using a logical relation
argument depicted in Sections 3 and 4.
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The first property provides the main characterization of type conversion.

» Property 4 (Injectivity and no-confusion of type formers $R). Assume two convertible well-
formed types I' = A = B are in whnf. Then, either they share the same type constructor and
their respective subterms are also convertible, or they are convertible neutrals at the universe.

Property 4 implies in particular injectivity of II types, a key lemma for establishing subject
reduction that propagates typing assumptions across reduction. The property also implies
that two types with distinct head normal forms will never be convertible, an important point
for establishing completeness of conversion checkers.

The second property aims to characterize conversion between neutral terms. To state
the property, we must first introduce a distinction between types equipped with an n-law,
an extensionality rule, that we will call negative, and types without such an n law, called
positive. Concretely, we consider U, N, L and neutral types are positive, while II is negative.!

» Property 5 (Inversion of neutral conversions at positive types $R). Assume two well-formed
neutral terms I' - a =b: A are convertible at a positive type. Then, they must be the same
eliminations of the same variable with convertible arguments (a full definition is given in
Section A.1).

This restriction to positive types is sufficient to show decidability of conversion, as
conversion in negative types does not rely on it. Additionally, neutral terms at definitionally
irrelevant types, such as a negative unit type, do not satisfy this property.

Finally, the third property ensures the existence of a path to a normal form.

» Property 6 (Deep normalization $R). A term t deeply normalizes at type A, written |4 t,
if t and A normalize to weak-head normal forms t' and A’ and either

A’ is negative and the n-expansion of t deeply normalizes or

A’ is positive and the subterms of t deeply normalize at their respective types.
A type A is said to deeply normalize, written || A if, it normalizes to a weak-head normal
form whose subterms also deeply normalize (a full definition is given in Section A.2).

2.3 Partial Equivalence Relations (PERs) & Dependent PERs

Since we do not know a priori that well formed types and terms normalize, or even that
they always have a whnf, we use PERs to manage this partiality. A PER on a type A is a
symmetric and transitive binary relation R : A — A — Type. In particular, it restricts to an
equivalence relation on reflexive points, those = : A such that R = x holds.

The notion of PER also extends to a dependent notion.

» Definition 7 (Dependent PERs). Let (A, R) be a PER, B : Type a type, and S : {a1 az :
A} = Rayas — B — B — Type a dependent relation. S is dependent PER when it satisfies:
Irrelevance for all v,v' : Ray as, Srbyby implies Sr' by b,

Transport for allr: Rayas and v’ : Ray as, Srby by implies Sv' by by,

Symmetry for allr : Raj as, S7by by implies S (symr) by by,

Transitivity for all v : Raj ag,r’ : Rasas, Srbyby and S’ bybs imply S (transr ') by bs.

Note how the irrelevance property stems from the fact that we consider our PERs to
be proof-irrelevant, thus the family of relations is not allowed to extensionally distinguish
between different witnesses of the base relation.

! When the unit satisfies an 7-law (as it is the case in an extension considered in Section 4), then it
becomes negative (W).
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3 A One-Pass Logical Relation for Normalization

In this section, we use a logical relations argument to establish the properties listed in
Section 2.2. Our logical relation is formulated using PERs, whose inhabitants we call
reducible conversion witnesses, or simply reducibility witnesses. We write I' IF; A = B for
the type of witnesses of reducible conversion between types A and B at level [ in context
INand T'lFja=0b: A= B/Rap for the type of witnesses of reducible conversion between
terms a and b over Rap : ' Ik} A = B. As in other formalizations, these relations are defined
mutually using small induction-recursion [17, 23].

We first highlight the salient aspects of the logical relation on neutral terms in Section 3.1,
and then illustrate the construction in the case of function types (Section 3.2). Ultimately,
we show that this logical relation forms a suitable model of the base type theory, allowing us
to interpret the syntax into it and derive the desired metatheoretical properties (Section 3.6).

In practice, we proceed in several steps. We first establish basic properties of the relation,
including irrelevance, stability under renaming, and the reify-reflect principle (Section 3.3).
We then prove the core PER properties: symmetry, transport (Section 3.4), and finally
transitivity. Next, we show that each introduction, elimination, and conversion rule of the
type theory is satisfied by the reducibility model. This is done first at the level of a higher-
order model, and then transferred systematically to a first-order model via contextualization,
as explained in Section 3.5. This allows us to conclude on the so-called fundamental lemma
of the logical relation, which establishes, by induction on the typing derivation, that all
well-formed types and terms are reducible.

3.1 The Key Case of Neutral Terms

One degree of freedom that arises in most definitions of logical relations concerns the treatment
of reducible conversion for neutral terms. For non-neutral terms, reducible conversion is
largely determined by the requirements of eliminators, which must be able to decompose
non-neutral terms into their constituents. By contrast, neutral terms are simply propagated
unchanged; as a result, no property is strictly required on subterms for the logical relations
argument to go through. The definition of reducible conversion of neutral terms could include
no more information than conversion of these terms. Such a choice, however, would yield no
informative result about neutral terms once the fundamental lemma has been established.

One major obstacle, compared to the case of normal forms, when defining reducible
conversion for neutral terms is the absence of reducibility information for their subterms.
Indeed, neutral terms may contain subterms at arbitrary types that do not appear in the type
of the neutral term itself, and the induction-recursion principle prevents using the inductive
definition of reducible conversion on those types inside the recursive definition.

For instance, in the case of a neutral application at the type of natural numbers, one
might wish for a definition along the following lines

Raa :TIH A=A IF'Ha=ad:A=A/Raa Iz: AFB=N
FH‘[ f@(m:A)B aEf/ @(m:A/)B’ a/ZNEN/RN

but we cannot use I' IF; A = A’ as an argument of this definition (shaded in red ), since
this would introduce a non—strictly positive occurrence of the logical relation in the induct-
ive-recursive definition.

Additionally, A might be an arbitrarily large type even while defining reducibility at
small types, and for which we’d need a definition of reducibility that simply doesn’t exist yet.
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Our definition of reducible conversion for neutral terms can therefore only rely on
simpler properties; however, these properties must still entail the behavior expected from the
logical relation. Accordingly, we choose a property that precisely subsumes Property 5 and
Property 6. To that end, we first define conversion of deeply normalizing terms.

» Definition 8 (Conversion of deeply normalizing terms $R). We define

'AlB=(T+FA=B)x | Ax | B
PFt A Pu=CTrt=u:A) xTHA=B)x |*tx |Bu

Notice that this notion of conversion is heterogeneous on terms: the reason is that we
cannot a priori prove that {Z ¢ knowing solely that | t and '+ A = B.

We then define neutral conversion I' F a ~y,. b : A (W) (a full definition is given in
Section A.3) as the inductive relation containing conversion of variables and closed under
all congruence rules for eliminators, where we additionally require subterms that are not
annotations to also normalize. Here’s a prototypical example for applications:

Tk frpe ffo((z: A)B) r—A=A4 z:A-B=DB
I'ta?”a TFHR=B[a/z] TFR=DB[d/z]
'k (f @(:L’:A)B a) ~ne (f/ @(I:A’)B’ a/) :R

The type annotations A, B and A’, B’ are merely required to be pairwise convertible,
but the applied arguments a,a’ need to normalize at their respective types, following our
definition of deep normalization for neutral terms.

An important technical point is that, thanks to the presence of annotations on applications,
the types at which arguments normalize are determined directly by the terms themselves. In
a syntax without such annotations, one would instead need to infer the type of neutral terms
out of the information provided by the context for variables, whereas the logical relation only
requires checking neutrals against a given reducible type. These two modes do not compose
well: a neutral term checked against a positive type cannot serve as the scrutinee of an
elimination form that expects an inferring neutral, an obstruction to establish the reify-reflect
property (Theorem 11). In this light, the fact that annotations can be inferred should be
understood as a corollary of the metatheoretical properties of the annotated system.

3.2 Reducibility at II

While we will not reproduce the full inductive-recursive definition of the logical relation (¥R),
the case of functions is quite informative.

» Definition 9 (Reducible conversion as function types ®R). Two terms T and T’ in context T
are said to be reducibly convertible as function types at level | if they satisfy the following
conditions:

Tk T ~* (I(z : A)B)

Ik T ~* (I(z : A')B')

Rao:V(ws:FA)p: A>T), Al Alp] = A[p]

Rp :V(ws:FA)(p: A>T) ad,

Alrja=ad : Alpl = A'[p]/Ra wy p — Al Blplla/x] = B'[p][a’ /]

» Definition 10 (Reducible conversion of terms at function types ¥R). We say that terms f

and g are reducibly convertible at the above reducibility witness if
Tk f~*f:I(x: A)B
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F'kg~*g :I(z: A)B
V(ws : FA)p: A>T)ad (ree : Alrpa=ad : A= A'/RA wy p),

Al f"Qgap)Bitp) @ = 9" Qaaro)ritp) @ = Blplla/z] = B'[plld’ /x]/Rp wf p Taar
where T p: (Ayz: Alp]) > (T, 2 : A) is the lifting of p.

Here, notice how we are introducing annotations on applications coming from the given
types T and T’ in a deterministic way, and those annotations will have to be swapped to
prove transport. We will come back to this issue in Section 3.4. Also, because our functions
satisfy an n-law, we do not need reducibility witnesses to distinguish neutral terms from
other terms, and there is no neutral case for reducible conversion of terms at function types.

More generally, for terms at negative types, the reducibility witness only needs to know
when its eliminations are reducible, but nothing about the shape of the term itself. This can
be contrasted with positive types, whose reducibility witnesses of terms have cases for each
constructor as well as neutral terms.

3.3 Reify-Reflect

Early on in the proof, we want to recover the fact that reducible conversion implies regular
conversion, both for types and terms, as well as normalization of types and terms at their
respective types. This will also let us derive Property 6 directly once we have reducibility
witnesses of all well-typed terms. This statement is called reify.

However, to reify a function, we need to apply it to a variable first, and that variable
needs to be reducible. In order to prove that variables are reducible, we need to consider the
more general property that any two convertible neutral terms are reducibly convertible, as
the case of functions introduces neutral applications. This statement is called refiect.

This proof is mutual (because we need to reify the reducible argument of a function in
order to reflect it), and the corresponding lemma is therefore called reify-reflect.

» Theorem 11 (Reify-reflect ). Rap : ' Ik} A = B implies that
Reify type ifl is small, then T - AUV B else T+ A |} B;

Reify for allTlFpa=b: A= B/Rup, we have T' - a A5 b;
Reflect forallTFa ~peb: A, we haveT'lFja=b: A= B/Ragp.

Our choice of terminology here is inspired by the NbE literature, where reify and reflect
are functions respectively from the evaluation domain to normal forms and from neutral
forms to the evaluation domain.

This theorem comes very early in the proof, requiring nothing but the definition of the
logical relation. In other formalizations such as LOGRELMLTT and LOGRELCOQ, reify
(called escape in those projects) is proven before reflect, non-mutually. The reason is that the
corresponding logical relations additionally contain the conclusion of reify at e.g., function
types and terms, so that we do not need reflect to prove reify. The tradeoff comes from
having to prove additional invariants when inhabiting the logical relation.

3.4 Transport

Transport expresses the fact that reducibly convertible types should have the exact same
reducibly convertible terms, in a form suited to PERs.

» Lemma 12 (Right transport ¥R). If we have Rap :T'IFf A= B and Rac : T I A
then T'lHpa=b: A= B/Rap is equivalent toTlFpa=b: A=C/Rac.

Il
Q


https://gitlab.inria.fr/josselin.poiret/metamltt/-/blob/fscd2026/theories/LogicalRelation/ReifyReflect.v#L161
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This lemma is central to the proof of transitivity, as for II types, it is necessary to
decompose a reducible conversion ' Ik, @ = ¢ : A = C/Ru¢ into reducible conversions
Pk a=c: A=B/Rapand 'l c=c¢: B = C/Rpc. One way to see this requirement
is as a PER analogue of the fibrancy conditions on exponentiable functors, where being
Conduché [21, 12] is critically used for the composition operation of the resulting category.

The proof of the transport lemma is mostly straightforward on positive types, as two
reducible conversion R4p and R4c necessarily reach the same cases by determinism of the
reduction, giving the same reducibility conversion relation for terms.

The only difficulty appears for eliminators of negative types, as in that case the reducibility
conversion relation for terms injects new annotations that did not exist in the terms being
compared. These annotations come from the types at which the terms are compared, and
may syntactically differ for arbitrary types B and C. We first need to be able to change
these annotations by suitably convertible ones, captured by the following predicate relating
two terms that differ only by convertible annotations, meaning on applications in our simple
setting.

» Definition 13 (Equality of terms up to annotation $R). T'F a ~gnnot b is defined inductively
as

LAy A T,2: A)FBUB  TFframeg Tral?a
I'Fa ~annot @ 'k (f @(J:A)B a) ~annot (g @(m:A’)B’ a)

With this definition, we are now able to state our desired lemma on changing annotations
of reducibly convertible terms.

» Lemma 14 (Change of annotations ®R). IfT'IF;a=b: A= B/Rap and T F b ~gppot O
then T’ ”_l a = b/ A= B/RAB.

Consider the case for the lemma above of a neutral application f @(,.4yp a. Our definition
of neutral conversion requires a proof of normalization of a at a type A’ convertible to A,
but because we do not know a priori that terms normalizing at one type also normalize at
a convertible type, we need this information to be present in the equality of terms up to
annotation. Once this lemma is proven, transport follows easily.

3.5 Higher Order Models and Contextualization

Once the structural rules are proven, we would like to show that the logical relation we’ve
built constitutes a kind of model of our type theory. For our purposes, we will use the
definitions of models of Bocquet, Kaposi and Sattler [8], more specifically, the concepts of
higher order and first order models internal to an arbitrary presheaf category.

The former relies on the exponential of the presheaf category to express dependencies of
judgements in a context-free way, similar to Higher Order Abstract Syntax (HOAS), while
the latter makes the contexts explicit in the model, eschewing the dependency on any higher
order feature of the host category. While we cannot use those definitions directly as our
model will be given by PERs, we can still apply the same ideas mutatis mutandis.

In the case of logical relations for open terms, we use the presheaf category over the
category of syntactic contexts and renamings. By definition, presheaves over that category
are indexed by a syntactic context and are stable by renamings. In particular, the explicit
context object Ctx of a first order model is also indexed by a syntactic context I' and
correspond externally to telescopes over T, Ctx(I') = {© | '+ ©}.


https://gitlab.inria.fr/josselin.poiret/metamltt/-/blob/fscd2026/theories/LogicalRelation/UpToAnnot.v#L5
https://gitlab.inria.fr/josselin.poiret/metamltt/-/blob/fscd2026/theories/LogicalRelation/UpToAnnot.v#L211
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Notice how the proof that reducibility is stable by renaming shows that I' — T'IF; A= B
andI'—TIFja=b: A= B/Ryp are PER presheaves. The so-called Kripke quantifications
V(wg : = A)(p: A>T),... appearing in the reducibility of II types in Definitions 9 and 10
correspond to the exponentials of the presheaf category, barring naturality conditions that
are unnecessary in our case as the logical relation is proof-irrelevant.

» Remark 15 (Higher order PER model). ' = T'IFj A= BandT'— Tl a=b: A= B/Rap
are the presheaves of types and terms of a (displayed) higher order PER model internal to
presheaves over renamings.?

However, once this is proven, we do not yet have a result on the syntactic presentation of
the type theory itself: we can only interpret syntax by induction in first order models (the
syntactic model is only initial with respect to first order models). Thankfully, Bocquet et
al. also give a general construction turning any higher order model into a first order model,
called contextualization. This construction amounts to building explicit contexts as lists of
semantics types internally to the presheaf category, then extending the notion of term of a
type to closing substitutions of a context.

More formally, suppose we have types - Ty and A : Ty - Tm A in the internal language
of the presheaf category, define I Ctx inductively mutually with the function [—] decoding
contexts as types:

I': Ctx A:Y(vy:[T]), Ty

e: Ctx [l = D,z:A: Ctx [T,z : Al = (v : [I']) x Tm(A v)

With this new definition, a type Ty I' in context I' is then defined as V(v : [I']), Ty and a
term Tm I' A of type A as V(v : [[]), Tm(A ).

This specific construction is also present in other formalizations, but is not linked back to
this theoretical work: in LOGRELMLTT and LOGRELCOQ, this step is called validity, while
in MCTT and [34], the resulting object is given the name of semantic typing judgement.

We’d like however to highlight a simplification that is present in all formalizations
including our work when compared to the formal definition above: as we’ve mentioned in the
definition of first order models, the explicit context object should itself depend on another
context, and would therefore represent reducible telescopes over arbitrary syntactic contexts.
However, because the judgements of our type theory only mention closed telescopes, we are
able to define a more restricted object that only characterizes this notion. Analytically this
time, define RedCtx as the following inductive recursive type (¥R):

I' : RedCtx A:NY(wy:EA)(y: [T]A,wy)), Ty(A)
¢ : RedCtx (T z: A) : RedCtx
[e](Aswyp) =T [T,z : AJ(A, wy) = (v = [TI(A, wy)) x Tm(A)(A wy )

This helps avoiding tedious manipulations of substitutions in telescopes, at no cost.
With the definition of reducibility of contexts and substitutions, we can prove that it

gives rise to a first order model (W), finally concluding with the “fundamental lemma” by
induction (¥R).

2 While we do not have a formalized notion of higher order PER model and a corresponding single statement
for this remark, all the separate lemmas for each rule are in the LogicalRelation/Introductions/ (W)
folder of the formalization.
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RAISE
re-A (raise C) Q.4 @ ~» raise Bla/x]
I'FraiseA: A ind, (2.P) h, (raise C) ~  hy
indy (n.P) ho (n.z.hg) h, (raise C) ~~ h,
EmMPTYELIM NATELIM
-¢: L z:1LEP 'k¢:N I'n:NFP 'k ho : P[O/n]
Tk h, : Plraise 1 /x] I,n:Nyz:PkFhg: P[Sn/n] Ttk h,: Plraise N/n]
I'tind, (z.P) h, t: P[t/z] 't indy (n.P) ho (n.x.hs) h, t: Plt/n]

Figure 2 Extension of MLTT to ExcTT (excerpt, see Section B for other rules)

3.6 Corollaries of the Fundamental Lemma

We can now return to the properties of Section 2.2 with the fundamental lemma in hand. Deep
normalization (Property 6, in ) is obtained easily by inspecting the content of the logical
relation associated to each judgement through the fundamental lemma. For no-confusion of
type formers (Property 4, in ¥) and the characterization of neutral conversion (Property 5
in ), we proceed by a further induction on the witness of reducible conversion induced by
a derivation of conversion of the types at hand.

Additionally, we easily obtain the coherence of the type theory (W), meaning that the
empty type L is not inhabited, as a form of canonicity, and subject reduction (), that
typing is stable by reduction of the judgement’s subject.

Overall, the whole development represents 6.9k lines of Rocq according to coquc, with
around 4.2k lines of proof script. The part dedicated to the definition of the type system
and its immediate metatheory correspond to around 1.8k lines.

4 Case Study: Exceptional Type Theory

To assess whether our implementation of the logical relations proof technique keeps the
metatheoretical burden under control, we experimented with an extension of MLTT featuring

a unit type with a definitional n-law, together with definitional proof irrelevance for 1.

The corresponding formalization is available in a dedicated branch (W) and is sufficiently
straightforward that we do not expand on it further here.

As a more involved experiment, we extend the core type theory with a primitive raise
operation for raising exceptions, following the design of ExcTT [38, 39]. This extension is
modest in size but affects all existing type formers, since it introduces new inhabitants at
every type (WR). Moreover, exceptions are annotated and must propagate the type at which

they are raised, thereby stressing the challenging aspects of type annotations in our approach.

One benefit of considering this extension is that it yields the first mechanized canonicity
result for ExcTT as a direct corollary.

4.1 A Primer on Exceptional Type Theory

ExcTT presented in Figure 2 extends MLTT with a single operation raise A parametrized by
atype A. The term raise A is an element of A standing for a (call-by-name) exception at that
type. When an exception occurs on the left-hand side of an application, it is propagated at

11
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the adequate type, the codomain of the application substituted with the argument. Inductive
eliminators (indy, ind ) ) are adapted to catch exceptions by adding an extra premise (shaded
in green ) for the exceptional case, together with a corresponding reduction rule.

Adding exceptions makes the theory immediately inconsistent since L is inhabited by
raise 1. Using syntactic models, Pédrot and Tabareau [38] show that the theory enjoys a
weaker consistency property: the translation of a closed inhabitant of L is convertible to the
translation of raise L. However, as the authors of [39, p.21] state: “[...Jwe do not know if
canonocity holds for the standard conversion [...] because this result amounts to showing the
completeness of computational laws with respect to the new constants introduced”[sic]. The
following section answers this question in the affirmative.

4.2 Challenges of the Formalization of ExcTT

Extending the syntactic metatheory of MLT'T to ExcTT presents few challenges, except for
the propagation of the typing annotation C of raise C along the reduction rules presented
in Figure 2. In these rules, the annotation on the left-hand side is never inspected; instead,
the information contained in the annotations of applications or in the arguments of the
eliminators is used to determine the right-hand side. As a consequence, there is no need for
a congruence rule on exception annotations with respect to ~». This implies that raise C' is
a whnf that is not stuck on a variable, and in particular, is never neutral.

The definition of the logical relation must be adapted for type formers whose inhabitants
are characterized inductively, namely N, |, U, and neutral types. By contrast, the logical
relation for type formers characterized by their elimination rules, such as II-types, remains
unchanged.

For A =N, 1, raise U or neutral, the additional case to be added is uniform: Two terms
t and u are reducible at type A when they both reduce to exceptions whose annotations are
convertible with A:

(Tkt~"raise Ay : Ay) x (TFu~"raise 4, : A,) x ('F A, =A)x (T'F A, = A)

With this adapted logical relation, the additional cases introduced in the proof are
straightforward, with the exception of the transport case. Following the discussion of
Section 3.4, the relation I - ¢t ~gnnot t' needs to take care of the type annotation carried
by an exception. This means adding I F raise A ~g,nor Taise A’ whenever I' = A = A’ so
that ~gnnor remains a simulation with respect to ~.

With these properties in hand, we prove by induction on Rap : I' IF; A = B that
I' Ik raise A = raise B: A = B/Rap. In each case, A reduces either to a type whose
elements are characterized inductively and for which we added a case for raise A, or to a
type characterized by its elimination forms (only II here) where the appropriate reduction
together with the induction hypothesis allows to conclude.

Completing the fundamental lemma, we can then obtain the following canonicity property
for ExcTT.

» Theorem 16 (). If-¢: L thentt=raise L : L.

Overall, the formalization of ExcTT represents an additional 1.5kloc.

5 Comparing Logical Relations for Normalization

Our logical relation was designed to characterize conversion abstractly and derive only the
normalization and inversion properties required for further proofs on implementations of
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the type theory. Other design choices, that we discuss now, appear in the literature: on
the representation of normalization, on algorithmic aspects, proof-relevance and arity of the
relation.

5.1 Different Approaches to Normalization

The statement of normalization usually refers to the existence of normal forms representing
the equivalence classes induced by conversion. Concretely, [14, 15, 49, 22, 50, 8] obtain a
normalization function norm that assesses the unique existence of a normal form norm? ¢
for a term ¢ : A. This normalization function must be sound (t = norm? ¢) and complete
(t=t:A <= norm?t=norn” #'). In mechanized work [3, 4] however, this statement can
be strengthened with an intensional characterization of the conversion relation between a
term and its normal form: Property 6 not only requires the existence of a normal form norm” ¢
but also a witness of conversion between ¢t and norm” ¢ using a standard derivation, namely
one obtained by an alternation of reduction to weak-head normal form and extensionality
principles. This further characterization is then employed to prove the correctness of different
implementation strategies for conversion checkers, for instance dropping some of the typing
information as in Coquand’s algorithm [13, 30], or delaying the propagation of substitutions
to reduce terms’ traversals.

5.2 Algorithmic Aspects of the Logical Relation

Logical relations can also be employed to verify directly the correctness of an implementation
of a conversion checker, designing relations with an algorithmic flavor directly within the
logical relation. NbE, devised by [7] and pioneered for dependent types in [1], provides an
effective technique to directly prove the soundness and completeness of an evaluator, with
mechanizations both in AGDA [6, 24] and RocqQ [52, 25]. As shown in [25], the resulting
evaluator can be directly extracted and employed as a basis for a verified checker for type
theory. Technically, NbE relies on the definition of a domain of values to which terms evaluate
together with a reflection of values as terms. NbE employs two logical relations, one to show
that the evaluator maps conversions of terms to a designed PER on values (completeness)
and another to show that the reflection of the evaluation of a term is convertible to the
original term (soundness). This methodology requires however to design and fix the evaluator
from the very beginning. Changes to the evaluation or conversion checking strategy, for
instance to allow for fine grained conversion checking and early termination in case of failure,
likely require modifications to the logical relations themselves.

Abel et al. [3] propose an alternative approach to NbE suitable for mechanization where
the logical relation is parametrized by an interface abstracting over the presentation of the
conversion, further extended to all typing judgements in [4]. This interface allows for two
presentations of conversion: an algebraic presentation called declarative as we use in this
work, and an algorithmic presentation with stronger inversion principles. In [3, 4], the logical
relation is instantiated multiple times to obtain more properties of the type theory: injectivity
of normal forms with the declarative instance, normalization and characterization of neutral
conversion with the algorithmic instance.> This modular design of the logical relation is
versatile enough to adapt to non-trivial extensions to a proof-irrelevant sort of propositions [19],

3 [4] further instantiate the logical relation a third time with a bidirectional typing judgement to obtain
completeness of bidirectional typing, but this can also be obtained purely syntactically from the other
properties [29)].
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with graded modalities [2], to Observational Type Theory (ObsTT) [41, 43, 42], with a
quote-operator [37], to first-class universe levels [16] or to sheaf models [35]. The strong
inversion principles of the algorithmic presentation make it possible to prove the correction
of Coquand’s algorithm with purely syntactical manipulations [30] (no additional logical
relation) but Lennon-Bertrand also observes that only some of the properties derived from
the algorithmic presentation of conversion are really necessary for his proof. These properties,
recalled in Section 2.2, can be equipped directly on the declarative presentation of conversion
as explained in Section 3.1, bypassing entirely any algorithmic design prior to establishing
the metatheory of the type theory and allowing our mechanization to use a single logical
relation argument.

5.3 Proof-Relevant and Proof-Irrelevant Reducibility Witnesses

Most mechanized logical relations for dependent types, such as LOGRELMLTT, MCTT or
the present work, enforce and leverage an essential property of type reducibility witnesses:
that they are proof-irrelevant. Proof-irrelevance means that the formalization never depends
on the actual computational content of reducibility proofs, that can then be taken as opaque
black-boxes, as term reducibility only depends on the shape of its type index.

This is in sharp contrast with the definitions of type reducibility that can be found in
pen-and-paper proofs [49, 14], where instead of prescribing which reducibility witnesses exist
by induction recursion, reducibility witnesses are described by the structure they must be
equipped with—a.k.a. normalization structure. These do not satisfy proof-irrelevance, and
thus the reducibility predicate of typed terms depends on the reducibility proof for the type.

This has some advantages, primarily avoiding the use of a global reduction relation
external to the definition of the type theory: in our logical relation, reduction is crucial
to ensure that the different reducibility witnesses are non-overlapping, which is key to
proof-irrelevance. Indeed, it is quite remarkable that metatheoretical results can be derived
without referring to any specific operational semantics, although one could argue that in the
proof-relevant case, the proof itself s the operational semantics.

However, the main drawback for mechanization is that the computational behavior of
reducibility proofs is often highly intricate: equational reasoning tends to pollute proof terms
with numerous rewriting steps, leading to what may be described as a form of “path-algebra
hell”. Kaposi [26] observes that a complete canonicity proof for the simply typed lambda-
calculus requires 190 lines of Agda code, mostly consisting of equational algebra, which can
be compared with a 40 lines argument obtained by turning some equations into conversions
using (a priori unsafe) rewriting. Further strictification techniques [27] are then needed with
a corresponding operational cost on the mechanization.

An alternative for mechanization is to embrace strong extensionality principles, such as
Li et al. [31] who rely on the features of the Istari proof assistant [28], but these features
also come with the cost of an undecidable typechecking problem that must then be guided
by the user.

5.4 Unary vs Binary Logical Relations

Both unary logical relations (a.k.a. logical predicate or reducibility candidates) and binary
logical relations are employed to prove normalization of dependent type theories with a clear
divide depending on the formalization medium: most pen-and-paper formalization use the
unary version while mechanized formalizations often rely on the binary version.
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The binary version can be seen as a workaround to the limitations of the identity type
in off-the-shelf intentional type theories: equality of reducibility witnesses would not be
extensional enough to represent reducible conversion. One example symptom of this issue is
that without quotients in the metatheory, one cannot build an initial model where conversion
is equality. While [14, p.2]* argues that a PER model should only be necessary for interpreting
an extensional type theory, the existence of such an initial model is central to recent paper
proofs of normalization.

A mechanized construction of the initial model using a quotient of the syntax of terms
by conversion has been achieved in [10] using (axiomatized) effective definitionally proof-
irrelevant quotients, propositional and function extensionality. Such a model could be also
built in any metatheory supporting quotients, for example in Lean, or using ObsTT.

Working without such quotients, mechanizations in RocQ and AGDA need to show
explicitly that the logical relation preserves conversion in the form of a PER model.

Liu and Weirich’s recent work [33] stands as an exception amongst mechanized results
and only uses a proof-irrelevant unary logical predicate for normalization, characterizing
conversion by mere untyped joinability. This characterization is sufficient because, by the
definition of their type theory, II-types are already assumed to be injective, meaning subject
reduction holds. However, this non-standard type theory can only be shown to be equivalent
to ours by first showing Property 4, which requires such a PER logical relation, as the authors
point out [33, p. 22].

6 Conclusion and Future Work

We have shown that logical relations provide a direct and uniform way to derive the meta-
theoretical properties required for the correctness of type-checking algorithms in dependent
type theory, while cleanly separating algorithmic reasoning from logically strong arguments.
For a core type theory with II-types, natural numbers, the empty type, and a universe, this
yields a compact and conceptually streamlined development. We further demonstrated that
this approach scales beyond the core theory by extending it to ExcTT, obtaining the first
mechanized canonicity proof for a dependent type theory with exceptions. This case study
shows that logical relations can accommodate non-standard computational features without
obscuring the metatheoretical structure.

Future Work. A natural next step is to increase the level of tactic automation in the
development. While the current mechanization closely follows the mathematical structure of
the logical relations argument, many proof patterns are repetitive and could be discharged
more systematically. Improving automation would not only reduce proof size and maintenance
costs, but also make the framework more accessible for extending the metatheory to additional
type formers and effects. Another important direction concerns sort polymorphism, as
introduced in the Rocq Prover and studied in recent work [40, 44]. Supporting sort-
polymorphic universes would significantly increase the expressiveness of the framework and
bring it closer to the type theory implemented in modern proof assistants. We believe that
the modular separation between algorithmic and logical components advocated in this work
will facilitate such an integration.

4 “Yet another aspect that was not satisfactory in previous attempts [1,8] is that it involved essentially a
partial equivalence relation model. While one expects that this would be needed for a type theory with an
extensional equality, this should not be necessary for the present, intensional, version of type theory.
This issue disappears here: we only consider predicates (that are proof-relevant).”
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758 T'tu=t: A I'HFt=v:A

= MA.1 Characterization of Neutral Conversion

w0 We define inductively the relation I' F n ~,, n’ : T of conversion at type T in context
w1 I between weak-head neutral terms n,n’. This relation allows to characterize conversion
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between neutrals at positive types: Property 5 states that

positive T’ = Vnn/,whnen — whnen’ = (T'kn=n":T < Tkn=,.n :7T)

A.2

CONVNEVAR
I (x:A)el r-T=A4
I'to~pex:T

CONVNEAPP
Tk fape ff:(x: A)B r-A=A4
Iz:A-B=HB F'kFa=d:A I'HT = Bla/x] I'T = B'[d /]

LE fQuayp a ~pe [/ Quanp o : T

CoONVNENATELIM
Ftt=pet’':N  Ton:NEP=P Tk hy=h: P[0/n]
I'yn:N,xz: Pt hg = hg: P[Sn/n] I'ET = P[t/n] I'=T=P[t/n)]

[+ indy (n.P) ho (n.x.hs) t ~pe indy (n.P') hy (n.a.hg) t' : T

CoNnvNEEMPTYELIM
THtrpt' L Iz:1L+-P=P I'+T = P[t/x] I'-T=P|[t/x]

I'+ind) (z.P)t~pe ind, (z.P)t : T

Deep Normalization

Deep normalization is defined using three predicates:
normalization of types | A;

normalization of terms t at a type A, |4 ¢;

and normalization of neutral terms "¢ n.

For arbitrary terms, a type is required to force n-expansions when applicable. In the neutral

case,

the structure of the term is sufficient to guide normalization and the type can be

dropped. Access to the context is never required in these judgements and is left out. In the
figure below, we use = to stand for object level variables.

NORMTYPE NORMTERM P1TYNF
whnf T = U U whnf T =U whnft = u W A U B

T Tt J(z: A)B
NATTYNF EMPTYTYNF UNIVTYNF iﬁg leF i%TXNF UU B
UN UL U I A V(2 : A)B
NATTMNF EMPTYTMNF i%N?gLF:A)B . ZEROTMNF SﬁgchNF
uU N ‘UU 1L U’H(I:A)B f U’N 0 ‘UN Sn

NETMNF APPNE
) positive A VARNE e f
‘UA n Unc € U’nc f @(w:A)B a
NATELIMNE EmMPTYELIMNE
ne P uP[O/:c] ho UP[S z /] hs ne L P

7€ indy (z.P) ho (z.i.hs) n "¢ ind, (z.P)n

21
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= A.3 Reducibility of Neutral Terms

NEVAR
FT (x:A)el’ TFHT=A
I'Fax~pex:T

783

NEAPP

Thfrpe flill(z: A)B  THA=A
lz:AFB=B Tra®*d T©'+T=Bla/a
784

LE fQuayg a ~pe [/ Quanp o = T

I'+T = B'[d /1]
NENATELIM

Chtrpet' :N  T,n:NEPUYP Tk hy Pl/myPom p
T,n:N,z: Pt hg PEV/AMYPS/m gl DT =Plt/n] T+HT=PI/n
I'F indy (n.P) ho (n.x.hg) t ~pe indy (n.P’) hy (n.x.hg) t' : T
NEEMPTYELIM

Thtepet':L T,z:1lFPJP  T+T=Pt)z]
786

I'tind) (.P)t ~pe ind) (z.P)t : T

785

I'+T=P[t/x]

= B  Exceptional Type Theory
RAISE CONVRAISE
'+A I'-A=B
788 T'FraiseA: A I'+raise A=raiseB: A
CONVAPPRAISE
I'HA I'z:AFB I'Fa:A
780 I'F (raise (II(z : A)B)) Q(;.4)p a = raise Bla/z] : Bla/x]
NATELIM
I'Ft:N I'n:NFP

'k ho : P[O/n] Iyn:Nyz: Pt hs: P[Sn/n] 'k h, : P[raise N/n)]
't indy (n.P) ho (n.xz.hg) hy-t : P[t/n]

790

NATELIMZERO
I'n:NFP

Iyn:Njz: Pt hg: P[Sn/n] 'k h, : P[raise N/n)|
'k indy (n.P) ho (n.z.hs) h,. 0 = ho : P[0/n]

Tk ho : Plo/n]

791

NaTELIMSucc

I'-¢:N I'n:NFP

'k ho : P[O/n] Iyn:Nyz: Pt hs: P[Sn/n]

Tk h, : Plraise N/n]
2 I'F indy (n.P) ho (n.x.hg) hy (S t) = hs[indy (n.P) ho (n.xz.hg) hy-t/z,t/n] : P[S t/n]

NATELIMRAISE

I,n:NF P

I'n:N,z:PF hs: P[Sn/n] 'k h, : P[raise N/n)]
I'F indy (n.P) ho (n.z.hs) h, (raise N) = h, : P[raise N/n]

T+ ho : P[0/n]

793
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CONVNATELIM
F'kt=t:N I'n:NFP=P 'k ho = hy : P[0/n]
I''n:N,x:PF hg = hg: P[Sn/n] I+ h,. = h! : Plraise N/n|

[+ indy (n.P) ho (n.x.hs) by t = indy (n.P’) hy (n.x.hg) bl t' : P[t/n]

EMPTYELIM
PE¢: L z:1LEP 'k h, : Plraise 1 /x]

'+ ind, (x.P) h,t: P[t/x]

EMPTYELIMRAISE
Fz:1+FP 'k h, : Plraise 1 /x]

'k ind; (x.P) h, (raise L) = h, : Plraise 1/z]

CoNVEMPTYELIM
Fkt=t:1 Fez:1l+-P=P '+ h,. =h. : Plraise L/n]

'k ind; (z.P)h.t=ind, (z.P")hl.t': Pt/x]
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