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We study the MAXIMUM ZERO-SUM PARTITION problem (or MZSP), defined as follows: given a
multiset S = {a,,a,,...,a,} of integers a; € Z* (where Z* denotes the set of non-zero integers)
such that }7" | @, =0, find a maximum cardinality partition {,,S5,....,.S;} of S such that, for
every 1 <i<k, Zaj es, 4 = 0. Solving MZSP is useful in genomics for computing evolutionary
distances between pairs of species. Our contributions are a series of algorithmic results concerning
MZSP, in terms of complexity, (in)approximability, with a particular focus on the fixed-parameter
tractability of MZSP with respect to either (i) the size k of the solution, (ii) the number of negative
(resp. positive) values in S and (iii) the largest integer in S.

1. Introduction

In this paper, we study the MAXIMUM ZERO-SUM PARTITION problem (or MZSP), defined as follows.

MAXIMUM ZERO-SUM PARTITION (MZSP)

Instance: A multiset S = {a;,a,,...,a

)} of numbers a; € Z* s.t. 377 a;=0.
Output: A maximum cardinality partition S = {.S},.5,,...,.5;} of S such that, for every 1 <i <k, Y,

a,e5; 9 =0.

This problem emerged in the context of bioinformatics [2], more precisely towards understanding large scale evolutionary events
that occur in species, which we call genome rearrangements. In this setting, we are given two genomes g, and g,, each one representing
a given species. Each genome is modeled as an ordered sequence of genes, and we give ourselves a set S of operations that allow us to
modify a genome. The goal consists in finding the minimum number of operations from S that are needed to obtain g,, starting from
g;. This number gives an estimate of the evolutionary distance between the two studied species; for instance, computing pairwise
distances between genomes is useful to reconstruct phylogenetic trees. Genome rearrangements gave rise to many algorithmic studies
and results (depending notably on the way a genome is modeled, and on the contents of set S), and we refer the interested reader

to [3] for a survey.
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* Corresponding author.

E-mail addresses: guillaume.fertin@univ-nantes.fr (G. Fertin), oscar.fontaine@ens.psl.eu (O. Fontaine), geraldine.jean@univ-nantes.fr (G. Jean),

stephane.vialette@univ-eiffel.fr (S. Vialette).

https://doi.org/10.1016/j.tcs.2024.114811

Received 29 August 2023; Received in revised form 21 August 2024; Accepted 27 August 2024

Available online 30 August 2024

0304-3975/© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/tcs
mailto:guillaume.fertin@univ-nantes.fr
mailto:oscar.fontaine@ens.psl.eu
mailto:geraldine.jean@univ-nantes.fr
mailto:stephane.vialette@univ-eiffel.fr
https://doi.org/10.1016/j.tcs.2024.114811
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tcs.2024.114811&domain=pdf
https://doi.org/10.1016/j.tcs.2024.114811
http://creativecommons.org/licenses/by/4.0/

G. Fertin, O. Fontaine, G. Jean et al. Theoretical Computer Science 1019 (2024) 114811

Table 1

Summary of our main results, in relation to parameters n, m, k,n*, B and b.
Parameter Results
n Strongly NP-complete (Theorem 1)

No 2°™p°M algorithm unless ETH fails (Theorem 4)
FPT (Theorem 5)
No approximation within ratio O(n'~¢) (Theorem 7)

m NP-complete, even if bounded (Theorem 2)

k NP-complete, even if bounded (Theorem 2)

m WI[1]-hard (Theorem 8)

Unary encoded instance ~ XP(Corollary 2)

k WI[1]-hard (Corollary 1)

Unary encoded instance ~ XP(Theorem 9)

n* No 2°¢)p%0) algorithm unless ETH fails (Theorem 10)
XP(Theorem 11)

B FPT(Theorem 13)

n*+k FPT(Theorem 12)

In [2], set S is limited to a generic rearrangement operation called “weighted Double Cut and Join” (or wDCJ), and the minimum
number of wDCJs needed to go from g; to g, is denoted wDCJ(g;,g,). The authors derived a closed formula for wDCJ (g, g5),
which is a sum of four terms: wDCJ(g,8,) =n— c +n, — p. The three first terms are polynomial-time computable from g; and g,.
The relationship to the MZSP problem relies on the fourth parameter, p, which turns out to exactly correspond to the optimal solution
to MZSP (where the input to MZSP is inferred, in polynomial time, from genomes g; and g,). Thus, the complexity of computing
wDCJ directly correlates to the complexity of MZSP.

In [2], the authors mostly focused on approximating wDCJ(g;,g,). Moreover, it turns out that MZSP has never been studied
under a purely algorithmic viewpoint. Thus, in this paper, we are mainly interested in parameterized complexity, essentially because,
as said above, approximations have already been addressed in [2], and also because such paradigm is a way to deal with NP-hard
problems, while ensuring optimality (see e.g. [4]). In this context, the goal is to identify several candidate parameters and to study
whether our problem is fixed-parameterized tractable (FPT) with respect to each of these parameters. The rationale being that if the
problem is FPT for a given parameter that appears to be small in practice, then, although exponential, the corresponding algorithm
can be used to determine the exact solution to the problem at hand, as it is expected to run in reasonable time.

Definitions and notations For any integer n, [1, n] denotes the set of integers from 1 to n. Given a (multi)set .S of integers and an integer
p, we say that .S sums to p when the sum of the elements of S is equal to p. When p =0, we say that .S is a zero-sum (multi)set. For
any instance S of MZSP, we let neg (resp. pos) denote the number of negative (resp. positive) integers in S and m = min{neg, pos}.
We denote by n* the number of distinct values in S, by b the number of bits needed to encode S (note that b= @(ZLI [log, (Ia; D)),
and by B =maxe; ,{la;|}. The cardinality of an optimal partition of S, i.e. the size of the solution, is denoted by k. For example,
ifS={-7,-7,-7,—-1,-1,-1,2,3,3,4,4,4,4}, then n= 13, neg =6, pos =7, m =6, n* =5, B="7 and it can be seen that the optimal
solution is k = 4: for instance, S| =5, = {-7,4,3}, S3={-7,—-1,4,4} and S, = {—1,-1,2} form a solution. UNARY MZSP denotes
MZSP for which unary encoding of the input instance is used. For any positive integer p, p-MZSP denotes the decision version of MZSP,
in which, given p and a zero-sum integer multiset .S, we ask whether there exists a zero-sum partition .S of S such that |.S| > p. We
will also often use the O* notation, as frequently done in parameterized complexity (see e.g. [4]): for a given problem whose size of
the input is » and parameter is k, O*(f(k)) stands for O(f (k) - poly(n)). In other words, O* only describes the exponential part of the
running time (in k) and discards the polynomial factor (in n).

First observations Note that if we denote by —S the multiset S to which all signs have been switched, then —S is a valid instance
for MZSP, and both S and —S have the same optimum k. Consequently, any result that applies to neg (resp. pos) applies to pos
(resp. neg), and thus to m. Note also that an m-size zero-sum partition of S is necessarily optimal, since at least one positive (resp.
negative) element of S needs to be present in any .S; from the partition. In other words, we always have k < m. For any given p € N*,
a YEs-instance for p-MZSP is also a YES-instance for p’-MZSP as long as p’ € [1, p]. Indeed, merging any two sets in a size-p zero-sum
partition of S yields a size-(p — 1) zero-sum partition of S. Finally, observe that if an integer a and its opposite —a both belong
to S, then there always exists an optimal solution § = {5}, S,, ..., S} } in which .S; = {—a, a} for some i € [1,n]. Indeed, suppose —a
and a both belong to S, and observe an optimal solution .S = {5}, S5, ..., S} in which S; # {—a,a} for every i € [1, k]. Clearly, no
S; is such that {—a,a} C S;, otherwise we could partition .S; into {—a,a} and S;\{—a,a}, both summing to zero, contradicting the
optimality of S. Thus —a € S, and a € S, for some 1 < x # y < k. Now consider the following partition " = {SI, Sé, ,S,’(} of S:
(i) 8] =S, for every i € [1,k] such that i # x and i # y, (ii) S| = {—a,a} and (iii) S; = (S, US)\{~a,a}. Every S/, i €[1,k], sums
to zero, and |S| = |S'| = k.

In this paper, we study the MZSP problem under an algorithmic viewpoint, and, in particular, discuss its computational complexity,
approximability and fixed-parameter tractability with respect to n, n*, m, B and k (see Table 1).
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2. Computational complexity of MZSP
Theorem 1. MZSP is strongly NP-complete, even if each S; in the solution .S contains at most four elements.

Proof. The proof is by reduction from 3-PARTITION, which has been proved to be strongly NP-complete [5], and whose definition
is as follows.

3-PARTITION

Instance: An integer C, a multiset X = {x;,x,,...,x3,} of integers such that (i) Z,-Sil x; =C - p and (ii) Vx; € X,

C C
7 <x; < bR
Question: Does there exist a partition { X}, X5, ..., X,} of X such that, for every i € [1, p], ZX/GX,- x;=C?

Let I = (C, X) be an instance of 3-PARTITION, and let S be the multiset such that S = {x,,...,x3,,—C,...,—C}, where —C appears

p times in S. Note that, by definition of 3-PARTITION, the sum of all elements in S is equal to zero, hence S is an instance of MZSP.
We now show that I =(C, X) is a YES-instance for 3-PARTITION iff MZSP (with instance S) has a solution of cardinality p.

(=) If I is a YES-instance for 3-PARTITION, there exists ¢; = (x,-jv1 , x,-jyz,x,-jj), J €[1,p], such that Xipy FXi X = C. In particular,
for every j € [1,p], S ;= {xi,-,l 5 X 50 Xi 5 —C} is a size-p partition of S in which every .S '; sums to zero. Moreover, such partition is
optimal: since neg = p, no zero-sum partition of S can contain strictly more than p sets.

(<) Suppose there exists a solution of MZSP of cardinality p, say S = {5, .5,,...,S,}. Since any zero-sum subset in S contains at
least one negative element from S, every S;, j € [1,p], contains exactly one negative element, namely —C. Since, in 3-PARTITION,
every x; satisfies % <x; < %, exactly 3 such elements are required to sum to C. Thus, any S}, j € [1, p], contains 3 elements of the
form x;, together with —C. Since each §; sums to zero, {x,...,x3,} can be partitioned in triplets, each summing to C, i.e. I =(C, X)
is a YES-instance for 3-PARTITION.

In unary, 3-PARTITION and MZSP are both encoded in ®(p - C) space. As 3-PARTITION is strongly NP-complete, MZSP is also
strongly NP-complete. []

Theorem 1 proves that solving MZSP when every .S; contains 4 elements is (strongly) NP-complete. Note that, consequently, this
rules out parameter “maximum size of an S;” for FPT considerations.

Theorem 2. MZSP is NP-complete, even when k and m are bounded.

Proof. We show NP-completeness of MZSP in the specific case m = k = 2, by reduction from PARTITION which is known to be
NP-complete [6].

PARTITION

Instance: A multiset X = {x;,X,,...,x,} of integers from N*.
Question: Does there exist a partition {X;, X,} of X s.t. 3, oy, x; = ijexz x;?

Let X be an instance of PARTITION. We can always assume ),_, X; to be even, otherwise we have a No-instance. Thus assume
Z;’:I x; =2N. The MZSP instance we build from X is S = X U {—N,—N}. We show that X is a YEs-instance for PARTITION iff MZSP
yields a size-2 zero-sum partition for S.

(=) Suppose there exists a partition { X, X;} of X such that inexl X; = le_exz x;. We thus have Zx,-e)(l X; = ijexz x; =
and {X; U{-N}, X, U{—-N}} is a zero-sum partition of S. Moreover, this partition is optimal since m =neg=2 and k <m.

(<) Suppose there exists a zero-sum partition of cardinality k =2 of S, say S = {.5}, S, }. Because neg = 2, we know that .S, (resp.
S,) contains exactly one negative integer; thus, both in S| and .S, this integer is —N. Assume S| = X, U{-N}and S, = X, U{-N}.
In that case, { X, X,} is a partition of X, and because both .S and .S, sum to zero, we have le_exl X; = ijexz x;=N. Thus X is

J
a YES-instance for PARTITION. []

N!

Although we just showed that MZSP is strongly NP-complete in general, and remains NP-complete when k is bounded, we can
show there exists a pseudo-polynomial algorithm that solves MZSP in the case k = 2.

Theorem 3. 2-MZSP can be solved in pseudopolynomial time.

Proof. Let S =P U N, where P = {P1,P2, - Ppos} (with p; < p, <p3 <+ < Ppos) 18 the set of positive numbers, and N =
{n1,ny, ..., nneq} is the set of negative numbers, and recall that neg + pos = n. The proof is by dynamic programming. More pre-
cisely, we start by filling two tables, T,,,; and T,,,. We describe in more detail the contents of 7),,; filling 7,,, is achieved in a similar

08 neg-* pos? eg
. pos
fashion. T},

is a Boolean table with D = 37" p; lines and pos columns. For any i € [1,pos] and any j € [1, D], T,li.j] is equal to

True if there exists a subset of {p;,p,,...,p;} that sums to j, and False otherwise. T}, is initialized as follows:
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« for any j €1, D], Tyo5l1,j1=True if j = p;, and False otherwise;
« for any i € [1,pos], Tposli, 1] =True if there exists i’ <i such that py =1, and False otherwise.

0§

We then fill the rest of table T,

os using the following dynamic programming formula: for any i € [2,pos] and j € [2, D]:

* Tppsli.jl1=True if (a) T)li — 1,j — p;1 =True or (b) Tpyeli — 1,j]=True
* Tpli, j1=False otherwise

Case (a) above corresponds to the case where p; is used to obtain a sum equal to j, while (b) corresponds to the case where p; is
not present in the sum. Clearly, T, is filled in time O(pos - D). Similarly, table T,,,, is a Boolean table with neg lines and D columns

(recall that, by definition, ZTE? n; =—D), and T,,,[i, ] is set to True if there exists a subset of {n;,n,,...,n;} that exactly sums to

—Jj, and to False otherwise. T,,, is filled in a similar fashion as T,,.,, and the time complexity to fill it is O(neg - D). The above
described algorithm thus takes O(nD) time and space. We now claim that S is a YES-instance for 2-MZSP iff there exists a j < D such
that Toslpos, j1=T,,,[NeQ, j] = True.

(=) Suppose S is a YES-instance for 2-MZSP. Then S can be partitioned in two zero-sums multisets .S and S,. Let D; > 0 be the
sum of positive values in .S;, and note that D; < D by hypothesis. Since S| sums to zero, —D; is the sum of the negative values in
. Thus, we necessarily have T,slpos, D;]1=T,,,[neg, D,] = True.

(=) Assume T, [pos, X]=T,,,[neg, X] = True for some value X < D. By definition of T, (resp. T,,,), we can identify a subset
SlJr (resp. Sl_) of positive (resp. negative) values of S, whose sum is X (resp. —X). Thus S| = S1+ U Sl_ is a zero-sum subset of S.
Since X < D, we know that .S; C S. Thus .S, =S — .5 is non-empty, and is also a zero-sum subset of S, as both S and S| sum to
zero. We thus conclude that {5}, .S,} is a zero-sum partition of S. []

The following result gives two lower bounds on the time to solve MZSP, both based on the Exponential-Time Hypothesis (ETH,
see e.g. [7] for a definition). Recall that b is the size of the input S, assuming it is binary encoded.

Theorem 4. Unless ETH fails, MZSP cannot be solved (i) in 20 . pOM) or (i) in 2D<\/B>.

Proof. We reduce from the SUBSET-SUM problem, which is defined as follows.

SUBSET-SUM

Instance: A multiset X = {x;,x,,...,x,} of integers from N*, an integer C.

Question: Does there exist a subset P C X such that lee px; =C?

It is known from [8] that, unless ETH fails, it is not possible to solve SUBSET-SUM in time 20 O " or in time 20<ﬁ> where
f is the number of bits that are necessary to binary encode an instance I = (X, C) of SUBSET-SUM. Our reduction is as follows: let
I=(X,C) be an instance of SUBSET-SUM and N = X7 x;.

We define our MZSP instance S to be the multiset S = X U {—C,—N + C}. We now show that S has a zero-sum partition of
cardinality 2 iff I is a YEs-instance for SUBSET-SUM. Note that the optimal value k for MZSP of S cannot exceed 2, as m = 2.

(=) Suppose there exists a zero-sum partition {S,.S,} of S. Necessarily, .S| (resp. .S,) contains exactly one negative integer.
Assume wlog —C € .S. Thus S| = PU {—C}, where P is a subset of X. Since S| sums to zero, we conclude that P sums to C. Hence
I =(X,C) is a YES-instance for SUBSET-SUM.

(<) Suppose I = (X, C) is a YES instance for SUBSET-SUM. Thus there exists P C X such that P sums to C. Thus §; = {PU{-C}}
is a zero-sum multiset from S, and consequently S, = {S\P U {—N + C}} is also a zero-sum multiset from S. Since S, and S,
partition S, we conclude that k =2 is optimal, since m =2 and k < m.

The set X in the instance I = (X, C) of SUBSET-SUM contains » integers, while S, our instance of MZSP, contains n + 2 integers.
Hence ETH, based on #, also holds for MZSP. The number f of bits to encode I = (X,C) is = (ZL] [log, x;1) + [log, C], while S
is encoded using b = f + [log, (N — C)] bits. Since N — C does not exceed 2,": 1 Xi» we have b = O(f), which proves the result. []

We now show that the above ETH bound based on # is essentially tight.
Theorem 5. MZSP is solvable in O*(2").

Proof. We solve MZSP by dynamic programming. Given an instance S of MZSP, we create a dynamic programming 1-dimensional
table T indexed by the subsets of S. We set T[] to 0. Then, for increasing i € [1,x], and for every size-i subset P, of S, we fill T[P,]
using the following rule:

— maxaeP‘_{T[P,»\{a}]} if P; does not sum to O
PI=\ maxgep (TIP\(a)]) 41 otherwise
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The optimal value k for MZSP is then found in T'[S], and an optimal zero-sum partition of S can be found, from that value, by
traceback.

The space and time complexity of the above algorithm is O*(2"), since it takes polynomial time to fill any of the 2" elements in 7T'.

It remains to show correctness. For this, for any subset P of S, we denote by k p the cardinality of a maximum zero-sum subpartition
of P, where the term subpartition describes a partition of a subset of P. Our goal is to show that for any P, T[P] = kp. This is done
by induction on i = | P|. When i = 0, this trivially holds as T'[f]] is set to 0. Suppose now that for some i € [0,n — 1], any P such that
| P| =i satisfies T[P] = kp. Let us now observe a set P of cardinality i + 1. If P does not sum to zero, let us consider a maximum
cardinality zero-sum subpartition of P, say (A;,..., A kp ). Since P does not sum to zero, there exists a € P such that a ¢ U:;” | A;. Thus
(4;,...,A,) is a maximum cardinality zero-sum subpartition of P\{a}, otherwise this would contradict the cardinality maximality
of (Ay,... ,Akp). Thus kpyjq) = kp. Since T[P\{a}]= kpy\(q), We have T[P] > kp by definition of T[P]. Conversely, if a € P and
(Ay, ..., Akp\(a)) is a zero-sum subpartition of P\{a}, then (4,,... ,Akp\(a)) is a zero-sum subpartition of P. Thus kp\ia) <kp, which
means T[P\{a}] < kp and thus implies T[P] < kp. Altogether, we have T[P] = kp. Now if P sums to zero, let (4,,... ,Akp) be a

maximum cardinality zero-sum partition of P. We thus have P = Uf;’ A, Leta€ Ay, (note that a exists, since A, is non-empty).
Thus (Ay, ..., A1) is a maximum zero-sum subpartition of P\{a}, and hence kp = kp\ (4 + 1, which implies T[P] > k p. Conversely,
if a € P, then a € A; for a given j € [1,kp]. Using similar arguments as previously, we can prove that kp = kp\(,) + 1, and thus
T[P] < kp. Altogether, we have T[P] = kp. We conclude that T[P] = kp for any P C S. In particular, 7[S] contains a maximum
cardinality zero-sum partition of S. By operating a traceback in 7', the sought partition can be found in polynomial time, which solves
MZSP. [

The previous theorem is based on the fact that the number of distinct subsets in S is upper bounded by O(2"). It is also possible
to upper bound this number by a function of b, the number of bits needed to binary encode S.

b
Theorem 6. MZSP is solvable in 20< logh )

Proof. Let us partition S into S, = {q; € Ss.t.|g;| < \/Z} and S, = {a; € Ss.t.|a;| > \/E}. Let us also denote, for any multiset E,
by P(E) the set of subsets of E (e.g. P({2,3,3}) = {0,{2},{3},{2,3},{3,3},{2,3,3}}). In that case, we have [P(S)OI < (b+ 1)2ﬁ:
indeed, by definition any element a € S, satisfies |a| < \/1; Moreover, a appears at most b times in S, since any a needs at least one
bit to be encoded, while b bits are enough to encode S. Thus .S, contains at most 2\/3 different numbers, each of them appearing at

b
most b times in Sp. Hence |P(S, p)l <+ 1)2\/5 < 22\/510'%(”“) < 22“’8”. On the other hand, Sq contains elements of size at least \/B

b
Then S, cannot be of cardinality greater than 2t otherwise encoding .S, would require more than b bits; thus |P(S,)| < 27 Tosh,
q logb q q
b
Since S, and S, form a partition of S, we have that |P(S)| = |P(Sp)| . |P(Sq)| < 24 logh Since the dynamic programming algorithm

b
from the proof of Theorem 5 solves MZSP and has running time in O*(|P(S)|), we conclude that MZSP can be solved in 20(@ ),
which proves the theorem. []

We now end this section by turning our attention to the inapproximability of MZSP, in Theorem 7 below.
Theorem 7. Unless P= NP, MZSP cannot be approximated within ratio O(n'~€) for any ¢ > 0.

Proof. As for Theorem 2, we prove the result by reduction from PARTITION, which is known to be NP-complete [6]. Let X =
{x,X,,...,x,} be an instance of PARTITION, and let fo=1 x; =2N with N > 1. We can indeed assume Z,i] X; to be non-zero and
even, otherwise the problem is trivially answered. The reduction is as follows: let ¢ > 1 be any integer, and let us recursively build a set
{po.p1>---. P4} of integers. More precisely, we set py = 1, and p; = (2iN +1)p;_; forany i € [1,¢]. We note that forany 0 < j <i <gq, pj
divides p;. Based on X and on the values p, p, ..., p,, we now construct the multiset S = (U;’zo{piX, —-Np;HU{-N Z?:o p;} where,
for any i € [0, q]], p; X denotes the values obtained by multiplying each element of X by p;,. It can be seen that S sums to zero, and is
thus a valid instance of MZSP. It can also be seen that the above reduction takes polynomial time as long as ¢ remains polynomial in
the input size of PARTITION. Intuitively, the above reduction consists in “copying”, a certain amount of times, an (expanded) instance
X of PARTITION, so that the solution size of MZSP on S increases, while maintaining the property that the different “expanded
copies” of X in S do not mutually interact.

Let us now prove correctness of our reduction, by showing the following: (i) X is a YEs-instance for PARTITION iff (ii) MZSP for
S yields a partition of cardinality g + 2 iff (iii) MZSP for S yields a partition of cardinality 2.

((i) = (ii)) Suppose X is a YES-instance for PARTITION. Then there exists P C X such that )’ ., a = N. By construction, for every
i €[0,q], ¥ ,ep Pia = Np;. Hence, for every negative number —s in S (s being either —N p; for some i € [0,¢], or —-N 2?:0 p;), itis
possible to find a subset of S summing to Np;, and moreover any pair of such sets is mutually disjoint. Hence S can be partitioned
into zero-sum subsets, and the cardinality of such a partition is g + 2.

((ii) = (iii)) If MZSP for S yields a partition of cardinality ¢ + 2, and since g + 2 > 2 then, by merging any ¢ + 1 sets in this
partition, we obtain a size-2 zero-sum partition.
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((iii) = (i) Suppose there exists a zero-sum partition of MZSP for S, of cardinality 2. In that case, there exists a non-empty zero-
sum (multi)set P C S that does not contain the negative integer —N 2?:0 p;. Let us denote by i, the smallest index i € [0, ¢] such
that —N p; belongs to P. Note that for all i € [0,i, — 1], we have p,X N P = @: indeed, suppose by contradiction that this is not the

case, and let A be the sum of the elements of (Ui‘g)l p,X) N P. Then we have A <(1+p; + - +pi0_1) -2N,hence A <iy-2N Pig1>
which yields A < p; o In particular, p; 0 does not divide A, since A #0. As Pi divides every other element of P, we conclude that
A =0, which is the sought contradiction.

Now, let us consider P’ = P mod Piy+1- From the above, the only elements from P that induce non zero elements in P’ are the
elements of p; X N P, together with —N p; . We thus conclude there exists a (multi)set K C X such that 3 ¢ p; @ = Np; mod p; ;.
Since p; 1 > 2Np;, Yyek Piy@= Np;y, and thus ¥, x a = N. In other words, we have a YES-instance for PARTITION.

Now we have proved correctness of our reduction, let us turn to proving our inapproximability result. Let ¢ be any strictly
positive value, and suppose that there exists an approximation algorithm .4 for MZSP, of ratio p = O(n'~¢) with n = |S|. Take now
an instance X of PARTITION, and recall that # = |X|. Let C be a constant such that p < Cn'~¢ for sufficiently large n. We let
g =max(C'/1=¢ —1,(C'/1=¢(£ + 1)+ 1)//¢-1 — 1), and we proceed with the above mentioned reduction by building the MZSP instance
S based on X and on parameter q. We have that n = |S|=(Z + 1)(¢g+ 1)+ 1.

Then, 2*1 > 1 and (¢ + )T ~! = CY/1=¢(¢ + 1) > 1 which yields 1 . (g + )T= "' = CT=(£ + 1)) > 1 and C(( + 1)(q +

Cl-e Cl-¢
1)+ 1)!=¢ < g + 1. We thus conclude that Cn'=¢ < g + 1. We now apply .4 on S, and solve it polynomially within factor p < Cn
Thus we obtain p < g + 1, hence p < g + 2. However, we know from the above that if we have a YES-instance for PARTITION, then
there exists a zero-sum partition of S of cardinality g + 2. In that case, the solution provided by the approximation algorithm A is
a zero-sum partition of S of cardinality ¢ > % > 1. Conversely, if A provides a zero-sum partition of cardinality ¢ > 1, then such

l—e

zero-sum partition shows that X is a YES-instance for PARTITION.
Altogether, if there exists an approximation algorithm A for MZSP of ratio p = O(n'~), it is possible to polynomially solve
PARTITION: a contradiction, unless P =NP, to the fact that PARTITION is NP-complete [6]. []

3. Parameterized complexity of MZSP

The previous section was devoted to providing results on the computational complexity of MZSP. In this section, we discuss the
parameterized complexity of MZSP, essentially focusing on parameters k,m,n* and B, which were defined in Section 1.

Parameters k and m We first consider fixed-parameterized complexity of MZSP with respect to the size k of the solution. On the
way, we will also discuss parameter m = min{neg, pos}, as we always have m > k. By Theorem 2, we know that, unless P = NP, MZSP
is not FPT with respect to parameter k (resp. m), since MZSP is NP-complete even in the case where both these values are constant.
The following theorem and corollary show W[1]-hardness of UNARY MZSP with respect to the same parameters.

Theorem 8. UNARY MZSP parameterized by m is W[1]-hard.
Theorem 8 implies the following corollary, as we always have m > k.
Corollary 1. UNARY MZSP parameterized by k is W[1]-hard.

Proof of Theorem 8. Let us assume that integers are encoded in unary. We reduce from UNARY BIN-PACKING, which is known to
be W[1]-hard with respect to parameter “size of the solution” [9], to UNARY MZSP. We first recall the definition of BIN-PACKING
(presented here in its decision version):

BIN-PACKING

Instance: a multiset of strictly positive integers P = {w;,...,w,}, an integer W, an integer ¢.
Question: Does there exist a partition {J,...,J,} of P such that ije W <W for every i € [1,1]?
As mentioned above, UNARY BIN-PACKING is BIN-PACKING in which all integers are assumed to be encoded in unary; besides,
UNARY BIN-PACKING, parameterized by the number ¢ of bins, is known to be W[1]-hard [9]. Let I = (P, W) be an instance of UNARY
BIN-PACKING. Moreover, assume 21"':1 w; =tW, since UNARY BIN-PACKING remains W[1]-hard parameterized by the number ¢ of bins
under this condition [9]. Let us now construct the following instance of MZSP: S = {w,...,w,,—W,...,—W}. Note that we have
———

ne

t
m =t. We now show that MZSP admits a t-size zero-sum partition iff I = (P, W ,t) is a YES-instance for UNARY BIN-PACKING.

(=) Suppose (P,W,t) is a YEs-instance for UNARY BIN-PACKING. Thus there exists a partition {J;,...,J;} of P such that
ij es, Wj W for every i € [1,1]. However, since we assume Y, _ w; = tW, we conclude that every J;, i € [1,7], is such that
ZW/EJ,- w; =W . Hence, {A|,A,,..., A}, where A; = J; U {—W} for every i € [1,¢], is a t-size zero-sum partition of S.

(<) Conversely, suppose there exists a ¢-size zero-sum partition { A, 4,, ..., A,} of S. Since S contains exactly ¢ negative numbers,
this implies that every A;, i € [1,1], contains exactly one occurrence of —W. Thus {J,J,, ..., J;}, where J; = A;\{—W} for every
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Algorithm 1 XP algorithm for solving MZSP, parameterized by k.

1: for every k-tuple u = (uy, ... ,u;) of S do
2:  forevery v € [-nB,nB]* do

3 T[v] « False

4 end for

5: T[u] < True

6:  for every a € S\u do
7: for every v € [-nB,nB]* do
8: if T[v] = True then

9: for all i € [1,k] do

10: T[v+a-e]] < True
11: end for

12: end if

13: if T'[0,...,0] = True then
14: return True

15: end if

16: end for

17: end for

18: end for

19: return False

i €[1,1], is a partition of P. Moreover, since each A; sums to zero, we know that each J; sums to W, which ensures that (P, W 1) is
a YEs-instance for UNARY BIN-PACKING.

The above reduction is a valid parameterized reduction, since parameter ¢ for UNARY BIN-PACKING is strictly equal to parameter
m for UNARY MZSP. Moreover, the instance S of UNARY MZSP that we built satisfies k =m. []

Theorem 8 suggests that, even encoded in unary, MZSP admits no FPT algorithm parameterized by k. What we can show, in the
following theorem, is that MZSP encoded in unary is in XP when parameterized by k.

Theorem 9. UNARY MZSP is in XP parameterized by k.

Proof. We show here that MZSP can be solved in O(kn**!(2nB)¥). Let S be an instance of MZSP. Recall that n = |S|, B is the
maximum taken over the absolute values of all elements of S, and k is the size of the solution. We create a Boolean array 7 indexed
by [~nB, nB]*. We then apply Algorithm 1, which explicitly computes a size-k zero-sum partition of S, while forcing each set of this
partition to be non-empty. More precisely, Algorithm 1 consists in iteratively computing the k-tuple (v, ..., v;) such that there is a
subpartition A, ..., A, in which each A; sums to v;. We start by initialising table T Lines 2 — 4. We want the A;s to be non-empty, so
we require that they contain at least one element. We choose a u; for each and initialise T'[u] to True (see Line 5). Then, to increment
table T', we need to put every element a of .S in one of the A;s. Thus we try to assign a to each of them, and see to which value
A; sums. This is done in Lines 6 — 12; note that ¢; =(0,0,...,0,1,0,...,0) denotes the vector of length k where the unique non-zero
coordinate is 1 and appears at position i. We only need to check, Line 13, if we have been able to obtain (0, ...,0) this way. Finally,
we need to iterate the process for each possible initial choice of u, as done in Line 1.

The time complexity of Algorithm 1 is O(kn**1(2nB)¥ log B), and its space complexity is O((2nB)¥).

Let us now show its correctness, by showing that a size-k zero-sum partition of S exists iff Algorithm 1 returns True. We will use
the following property: T'[v] = True iff there is a size-k subpartition (4, ..., A;) of S such that each A; sums to v;. We prove this
property by induction on ¢ :=|A;| 4+ |A,| + --- + | A;|. Then, by definition, the property is satisfied for # < k. Let us now assume that
t> k. If T[v] = True, then there exists a € S and i € [1,k] such that T[v — a - ¢;] = True. By induction, there exists (4;,...,4;) a
subpartition of S such that each Aj sums to v; for j #iand A; sums to v; —a. Then (4,,...,4; U {a}, ..., A;) satisfies the property for
v. Conversely, suppose that (41, ..., A;) is a subpartition of .S such that each A; sums to v; and 7 > k. Then there is an index i € [1, k]
such that A; contains at least two numbers. Let a be one of them. Then (A,...,4;\{a},..., A;) is a subpartition of S summing to
v—a-e;. Then T(v—a-e;) = True by induction. Then T'[v] = True.

From the above property, we have that 7[0] = True (and thus Algorithm 1 returns True) iff there is a size-k zero-sum subpartition
of S, which is equivalent to the existence a size-k zero-sum partition of S. []

Since we always have m > k, Theorem 9 implies the following corollary.
Corollary 2. UNARY MZSP is in XP when parameterized by m.

Parameter number of distinct values n* We now discuss parameter n*, for which we first provide a complexity lower bound based on
ETH. Recall that b is the (binary encoded) size of the input instance S.

Theorem 10. Unless ETH fails, MZSP cannot be solved in 2°¢"") pO(),
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Proof. The proof is based on a combination of (i) a reduction from 3-SAT to SUBSET-SUM presented in [8] and inspired from [10]
and (ii) the reduction from SUBSET-SUM to MZSP from proof of Theorem 4. More precisely, starting from any instance of 3-SAT with
n variables and m clauses, an instance of SUBSET-SUM containing n’ = 2n + 2m integers, among which 2n + m are pairwise distinct,
is constructed. Moreover, in proof of Theorem 4, the instance S of MZSP built from SUBSET-SUM contains n” =n' +2=2n+2m+2
integers, among which n* = 2n+m+2 are pairwise distinct. Under ETH, 3-SAT cannot be solved in 2°. If we combine this information
with the sparsification method [11] (which allows to consider only 3-SAT instances for which m = O(n)) and the above argument,
we conclude that, under ETH, MZSP cannot be solved in 2°¢*)p0(0), O

Concerning parameterized complexity with respect to n*, we suspect MZSP to be W[1]-hard parameterized by n*, but the question
remains open. Meanwhile, we are able to prove (see Theorem 11) that the problem is in XP with respect to n*. The rationale for this
result is that the multisets that constitute any maximum zero-sum partition of S are few, and that we can efficiently compute them.
In order to prove Theorem 11, we need to introduce several definitions, and first prove two propositions (Propositions 1 and 2).

Let us suppose that S is a multiset containing »n* distinct values, denoted a,,...,a,.. We introduce several notions: given any
multiset M built from ay, ..., a,, we call multiplicity multiset of M the multiset {u,,u,, ..., u,. } representing the mutiplicities of each
a; in M: more precisely, for any i € [1,n*], u; € N is the number of times g; appears in M. With this notation, we can define a partial
order < on multiplicity multisets as follows: let u = {u,u,, ... ,u,»} and v = {v,v,,...,v,+ } be two multiplicity multisets; we write
u < v whenever u; < v; for every i € [1,n*]. Now let s = {sy,5,,...,5,+} be the multiplicity multiset of S. We first define two sets,
respectively named K and D: K is the set of irreducible multiplicity multisets of S leading to zero-sum subsets of S, and D is the set
of all zero-sum subsets of S. In the following, for simplicity we write u = 0 for any vector u whenever all its coordinates are equal to
0. Formally, K and D are defined as follows:

n* n*
Kz{ueN”* Zu,-a,-zO,u;éOand YoeN",v<uand Zv,—a,-=0:>0=00ru=u} and

i=1 i=1

D:{ueN"* u<s,u#0and Zuiai:O}.

i=1
Any maximum zero-sum partition of S is induced by elements of K n D only. We define a third set Z as follows: Z =
{u enN”
to the above definitions. We begin with Proposition 1.

u+# 0 and 2,"; uwa; = 0}. Note that both K and D are included in Z. We are now interested in two properties, related

Proposition 1. Let U be a subset of Z such that K N D C U. There exists a size-p zero-sum partition of S iff there exist £ > p elements of
U, say u',u?, ..., u’ such that Zif:l u=s.

Proof. Let U C Z such that K n D C U. Suppose there exists a size-p zero-sum partition of S, and let A;,..., A; be a maximum
zero-sum partition of S, thus with k > p. Let us denote by u!,u?, ..., u* the multiplicity multisets of resp. A,, ..., A;. By definition,
A; C S for any i € [1,k], and thus u' € D. Moreover, suppose u' is not irreducible, i.e. u' ¢ K. Then there exists C # @, C C A;
such that C sums to zero. In particular, it is possible to replace A; by both C and A;\C in the maximum zero-sum partition of S,
which contradicts maximality. We thus conclude that ' € K, and thus that «' € K n D. Consequently, we have that ' € U. Hence,

ul u?, ... uk are k > p elements of U such that 2:.‘:1 ul =s.

Conversely, suppose there exists £ > p elements u',u?,...,u’ of U such that Zle u' =s. For any i € [1,k], let us denote by A;
the multiset associated to «’, and for every j € [1,n*], let u; denote the j-th coordinate of vector u'. Then A; sums to zero, since
f;l u;. =s;. Thus Ay, ..., A, is a size-# zero-sum
partition of S. Since it is always possible to merge several zero-sum sets to create another zero-sum set, we conclude there exists a

zero-sum partition of S, whose cardinality is p< 7. []

Z;’:l u'a; = 0. Moreover, the A;s form a partition of S since for every j € [1,p], ¥

For solving p-MZSP, it thus suffices to compute K N D, and to test whether it is possible to reach s, using p or more elements of
K n D. Before that, we discuss the maximum cardinalities of K and D (see Proposition 2), which will be useful to evaluate the time
complexity to generate these sets.

Proposition 2. D C [0,n]" and K C [0,n*B — 1]"".

Proof. The first result is straightforward: since for any j € [1,#*], we have s i <n, then for any u = {u;,u,,...,u,»} € D and for
any j € [1,n*], we have u; < n. The second result is by contradiction. Let u € Z with u = {u;,u,, ..., u, }, and let us suppose that
there exists an i € [1,n*] such that u; > n*B. We will show that, in that case, u ¢ K. Recall that the »* distinct values in S are
denoted a,a,,...,a,+, and let us denote by I the set of indices j € [1,n*] for which a; and a; have same sign. Then we have
Zjel uj|aj| = nggl ”j'a,"-

Consequently, n* Bla;| < u;|a;| < Zje, u;la;|. In particular, there exists j & I such thatu;|a;| > Bla;|. Thus there exists two indices

. . . o Blg;
i and j, whose corresponding values a; and a; have opposite signs, and such thatu; > B > |a;| and u; > |¢|za'||
j

> |a;|. Since a;a; —a;a; =
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*

Algorithm 2 XP algorithm for solving MZSP, parameterized by n*.
1: Compute D

2: Initialize T

3: for every i € [1,n] do

4: for every u € D do

5 for every v e D do

6: if v+u € D then

7: T[v+u]=max(T[v] + 1,T[v+u])
8: end if

9: end for

10: end for

11: end for

12: return T'[s]

0, the n*-tuple v = {v},0,, ..., 0, } is such that v; = |a;|, v; = |a;| and v, =0 for all £ # i, j satisfies Z;ll vya, =0. Moreover, v <u,
u#0 and v # 0 since n* B > |a;|. Thus we conclude that u is not irreducible, i.e. u ¢ K, which proves the proposition. []

In order to compute D (resp. K), it thus suffices to generate each element of [0,1]"" (resp. [0,n* B —1]""), and check for each of
them whether it belongs to D (resp. K). For each element of [0,1]"", checking its membership to D can be achieved in O(n2 log B),
thus D can be computed in O(n"*’r2 log(B)). Concerning K, testing if an element of [0,n*B — 1]]"* sums to zero can be done in
O(n*log(n* B)), and by dynamic programming, we can check if it is irreducible in O((n* B)™); thus K can be computed in O((n* B)>™).

The set K (and its computation) will be useful later for proving Theorem 13. In the following, we first focus on set D, whose
cardinality is denoted cp,. Indeed, starting from D, Algorithm 2 shows that MZSP can be solved in O(nc%)n* log n+ n""*2log B). Since,

by Proposition 2 above, ¢, is in O(#™"), this shows that MZSP is XP relatively to parameter n*, as stated by the following theorem.
Theorem 11. MZSP is in XP when parameterized by n*.

Proof. We provide an algorithm that runs in time O(nclz)n* logn + n" *21log B). The proof derives from Algorithm 2, in which 7 is
an array indexed by the elements of D and which is initialized as follows: T'[0] = 0, and for every other vector v € D, T[v] = —c0.
We also recall that s is the multiplicity multiset of S.

The idea behind Algorithm 2 is to understand every multiset as its multiplicity multiset. As seen before, we can efficiently compute
D. Then, we iteratively compute the largest number of elements of D that we can sum to obtain v. To do so, for each u in D, we say
that the largest number of elements of D that we can sum to obtain v + u is at most the same number as for v plus one for each v in
D. This is what is done Lines 4 — 10 of Algorithm 2. We know that we will need at most n elements of D to sum to s, so we only need
to do this operation n times, which explains Line 3.

Clearly, Algorithm 2 runs in O(nc%n* logn) where ¢, = | D], since nc%) additions on vectors are realized, each taking O(n* logn)
time. To this complexity, O(n" *2log B) should be added for the precomputation of D. We now show that Algorithm 2 is correct. At
the end of the algorithm, for any v € D, T'[v] represents the largest number of elements of D that we can sum to obtain v. Let us denote
by w, this value (thus T'[v] = w,). For any i € [1,n], let P(i) be the following property: for every v € D, T[v] = w, if w, € [0,i].
Our goal is to prove, by induction on i, that P(i) holds for any i € [1, n]. First, P(0) is true since w, =0 implies v = 0. Now let i >0,
and let us assume P(i) holds. Let v € D. If w, <i, then by induction hypothesis, we have T[v] = w,. If not, then there exist u € D
such that w,_, =i, and hence T'[v — u] = i. Hence, by construction of T, T[v] =i + 1 = w,, which consequently proves that P(i + 1)
holds. By induction, P(i) holds for any i € [1,n]. In particular, T[s] represents the largest number of elements from D that can be
summed in order to obtain s. By Proposition 1, there exists # elements of D whose sum is s iff there exists a zero-sum partition of S,
of cardinality #. Thus the cardinality of a maximum zero-sum partition of S is T'[s], which shows correctness of Algorithm 2. []

As mentioned before, we conjecture MZSP to be W[1]-hard parameterized by »n*. In contrast, we have the following result.
Theorem 12. MZSP is FPT when parameterized by n* + k.

Proof. In order to prove the result, we model the MZSP problem as an Integer Linear Program (ILP). Since ILP is FPT parameterized
by the number of its variables (see e.g. [12,13]), it suffices that our ILP formulation uses a number of variables that is only a function
of n* and k to prove the result.

Let S be an instance of MZSP, let us call the n* distinct values of S ay, ..., a,., and let us assume that sy, ..., 5+ are their respective
multiplicities in S.

The ILP instance we construct uses kn* variables, namely x; ; with i € [1,n*] and j € [1,k]. Each such variable x; ; indicates the
number of times value g; is present in a zero-sum subset S; of a partition of S.

9
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MZSP (ILP model):

.1 x,;20 Vi<i<n,VI<j<k
X1 Xij=Si Vi<i<n®
2711 a;x;; =0 Vi<j<k

4 Yrix,;>0 V1<j<k

Constraints C.1 trivially impose that each variable (representing the number of occurrences of value a; in .S;) belongs to N.
Constraints C. 2 impose that each value a; appears exactly s; times in the partition of S. Constraints C. 3 impose that each ; in the
partition of S sums to zero. Finally, constraints C. 4 impose that each .§; is non-empty.

Since solving any ILP is FPT parameterized by the number of its variables [12,13], and since we have kn* variables in our model,
we conclude MZSP is FPT parameterized by n* + k. More precisely, any ILP on x variables can be solved in O*(x?>*+°®)) [12]. Thus
MZSP can be solved in O*((kn*)>>*m otk 7]

Parameter maximum absolute value B Recall that B is the greatest integer (in absolute value) in an instance S of MZSP.
Theorem 13. MZSP is FPT when parameterized by B.

Proof. In order to prove the result, we provide an ILP model for our problem. We will then show that the number of variables of our
ILP is a function of n* and B only, which, combined with the fact that ILP is FPT parameterized by its number of variables [12,13]
and the fact that n* < 2B, allows us to conclude. Given an integer k, we are interested in solving k-MZSP, which asks whether a
size-k zero-sum partition of S exists. Let (S, k) be an instance of k-MZSP. Let us number the n* distinct values in S aj,...,q,. and let
sy,...,8,+ be their respective multiplicities in S. Let cx = |K|, where K is the set defined previously, and let us compute K — recall
that cg, by Proposition 2 and the discussion that follows, satisfies cx = O((n*B)"") -, and that K can be computed in O((n* B)™).
Our ILP is based on the following cx variables x,,, u € K, where x,, represents the number of times element « appears in a zero-sum
partition of S of cardinality at least k. The ILP formulation of the problem is as follows.

k-MZSP (ILP model):

c.1 VYuek x,20
c.2 Vie[l,n'] X exuix,=s;
c.3 Zuerqu

We now show correctness of our ILP model, by proving that there exists a zero-sum partition of MZSP of cardinality k iff the
above ILP formulation admits a solution.

(=) Suppose S admits a size-k zero-sum partition. Then, by Proposition 1, we know there exist £ < k elements of K which sum to
s, thatwe will call !, ..., u. Foru € K, let x, denote the number of times u appears in (i, ... ,u,). Then, by definition, Vu € K, x, > 0,
Yuek Xyt =sand Y, op x, =¢ > k. Thus our ILP formulation admits a solution.

(«) Conversely, suppose there exists x, for u € K, which is a solution to the above ILP formulation. Let us build W )l-e[[lf]] , where
element u appears exactly x, times. Then, from C. 2, Z,-i] u' = s. Moreover, from C.3, £ > k. Thus, from Proposition 1, there exists
a size-k zero-sum partition of S.

Since n* < 2B, and since ILP, parameterized by the number x of variables, is FPT and can be solved in O* (xz‘s"*”(")) [12,13],
and since here x = ¢y = O((n* B)™), the result follows. []

4. Conclusion

We provided diverse algorithmic results concerning the MZSP problem, including hardness, (in)approximability and fixed-
parameterized complexity considerations with respect to parameters n,m, k,n* and B. Some questions about MZSP remain unan-
swered. In particular, we conjecture MZSP to be W[1]-hard parameterized by the number »n* of distinct values in S; (dis)proving it
remains open.
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